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The paper is concerned with solution in Holder spaces of the Cauchy problem for lin- 
ear and semi-linear backward stochastic partial differential equations (BSPDEs) of super- 
parabolic type. The pair of unknown functional variables are viewed as deterministic time- 
space functionals, but take values in Banach spaces of random (vector) variables or processes. 
We define suitable functional Holder spaces for them and give some inequalities among these 
Holder norms. The existence, uniqueness as well as the regularity of solutions are proved for 
,S^ ' BSPDEs, which contain new assertions even on deterministic PDEs. 
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00 ' 1 Introduction 

\o' 

• , In this paper, we consider the Cauchy problem for backward stochastic partial differential equa- 

Q I tions (BSPDEs, for short) of super-parabolic type, 

m ■ r 2 

' —du{t,x) =yaij{t,x)diju{t, x) + bi{t,x)diu{t,x) + c{t,x)u{t, x) + f{t,x) 

+ ai{t,x)vi{t,x)]dt-vi{t,x)dWl, (t, x) G [0,T] x M"; (1.1) 

u{T,x)=<^{x), xGM". 



% 



Here W = {Wt : t £ [0,T]} is a d-dimensional standard Brownian motion defined on some 
filtered probability space {Q,^,¥, P), with F := {^t '■ t G [0,2^]} being the augmented natural 
filtration generated by W, {aij)nxn is a symmetric and positive matrix, and bi, c, ai, f and 
terminal term $ are all random fields. Denote by ^ the predictable ci-algebra generated by F. 
Here and after, we use the Einstein summation convention, and denote 

a := — , di:= -—, dt 



ds ' dxi ' ^-^ dxidxj 
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Our aim is to find a pair of random fields {u, v) : [0, T] x i7 x M" — t- M x M in suitable Holder 
spaces such that BSPDE (jl.ip is satisfied in some sense, and to study the regularity of (n, v) in 
the space variable x. 

As a mathematically natural extension of backward stochastic differential equations (BS- 
DEs), (see, e.g. O IH El [201 [El [2S]), BSPDEs arise in many apphcations of probability theory 
and stochastic processes. For instance, in the optimal control problem of stochastic differen- 
tial equations (SDEs) with incomplete information or stochastic partial differential equations 
(SPDEs), a linear BSPDE arises as the adjoint equation of SPDEs (or the Duncan-Mortensen- 
Zakai filtration equation) to formulate the maximum principle (see, e.g. [H [21 [251 ISSl [301 [31]). 
In the study of controlled non-Markovian SDEs by Peng [21] , the so-called stochastic Hamilton- 
Jacobi-Bellman equation is a class of fully non-linear BSPDEs. Solution of forward-backward 
stochastic differential equation (FBSDE) with random coefficients is also associated to that of 
a quasi-linear BSPDE, which gives the stochastic Feynman-Kac formula (see e.g. |17]). 

Weak and strong solutions of linear BSPDEs have already received an extensive attention in 
literature. Strong solution in the Sobolev space VF™'^ is referred to e.g. [71 [HI [101 [SI [HI [13 [HI 
[m [IHl [23] , and in U* {p G (l,oo)) is referred to e.g. j8]. The theory of linear BSPDEs in Sobolev 
spaces is fairly complete now. Qiu and Tang |22j further discusses the maximum principle of 
BSPDEs in a domain. It is quite natural to consider now the Holder solution of BSPDEs. We 
note that Tang [27J discusses the existence and uniqueness of a classical solution to semi-linear 
BSPDE using a probabilistic approach. However, the coefficients are required to be /c-times 
(with k > 2 + ^) continuously differentiable in the spatial variable x, which is much higher 
than the necessary regularity on the coefficients known in the theory of deterministic PDEs. 
In this paper, the pair of unknown functional variables are viewed as deterministic time-space 
functionals, but take values in Banach spaces of random (vector) variables or processes. We 
discuss BSPDE (jl.ip in Holder spaces using the methods of deterministic PDEs (see Gilbarg 
and Trudinger [12], Ladyzhenskaja et. al. [16J), and establish a Holder theory for BSPDEs 
under the spacial Holder-continuity on the leading coefficients. The paper seems to be the first 
attempt at Holder solution of BSPDEs. 

As an alternative stochastic extension of deterministic second-order parabolic equations, 
(forward) SPDEs have been studied in Holder spaces by Rozovskii [23] and Mikulevicius |19j . 
However, our BSPDE (jl.ip is significantly different from a SPDE, in that the former has an extra 
unknown variable v whose regularity is usually worse. It serves in our BSPDE as the diffusion, 
but it is not previously given. Instead, it is endogenously determined by given coefficients via 
a martingale representation theorem. It is crucial to choose a suitable Holder space to describe 
its regularity. On basis of the functional Holder space introduced by Mikulevicius [T9] for 
discussing a SPDE, we define in Section 2 functional Holder spaces such as C™''''"(M"; =^^[0, T]) 
for u, and C™"^"(M"'; =2]^(0, T; M*^)) for v. That is, we only discuss the continuity of the unknown 
pair {u,v) in x by looking at (u(-,x),i;(-,x)) as a stochastic process taking values in the space 
^|[0,T]x^j2(0,T;M'^). 

We first study the following model BSPDE with space-invariant coefficients. 

-du{t,x) =[aij{t)dfju{t,x) + f{t,x) + ai{t)vi{t,x)]dt 

- vi{t, x) dWl, {t, x) G [0, T] X M", (1.2) 

u{T,x)=<^{x), xEM". 
Here the coefficients aij{-) and ai{-) {i,j = 1, •, n; I = 1, •, d) do not depend on the space variable 



X. The advantage of the simpler case is that the solution (n, v) admits an explicit expression in 
terms of the terminal value ^ and the free term / via their convolution with the heat potential. 
We prove the existence and uniqueness result of this equation, and show that {u,v){t,-) £ 
(j2+a ^ (ja^ ^^^ u{-,x) G C2, when $ G C^+" and /(t, •) G C". These regularity results are 
extended to general space-variable BSPDE (|l.ip by the freezing coefficients method and the 
standard continuity argument. Moreover, when all the coefficients are deterministic, BSPDE 
(jl.ip becomes a deterministic PDE, and our results include new consequences on a deterministic 
PDE. 

The rest of this paper is organized as follows. In Section 2, we define some functional 
Holder spaces, and recall analytical properties of the heat potential. Section 3 is devoted to the 
existence, uniqueness and regularity of the solution of BSPDE (jl.2p . In Section 4, we extend 
the results in Section 3 to BSPDE (II. Ih via the freezing coefficients method and the standard 
argument of continuity, and discuss their consequences on a deterministic PDE. In Section 5, 
the well-posedness of semi-linear BSPDE is given. 

2 Preliminaries 

Let T > be fixed, (fi, ,^, F, P) is a filtered probability space, on which is defined a d- 
dimensional standard Brownian motion W = {Wt : t £ [0, T]}, such that F := {'^t}te[o,T] 
is the natural filtration of W augmented by all the P-null sets in ^. 

In this section, we define several functional Holder spaces for Banach space valued functions, 
and recall analytical properties of the heat potential. 

2.1 Notations and Holder spaces 

Define the set of multi-indices 

r := {7 = (71, . . . , 7„) : 71, . . . , 7„ are all nonnegative integers}. 
For any 7 G T and x = (xi, . . . , x„) G M", define 

\i\--2^7i, ^^ '- dxfdxl^---dxl-- 

The inner product in Euclidean space is denoted by (•, •), and the norm by | • |. 

The following are some spaces of random variables or stochastic processes. For p G [1, +00) 
and a Euclidean space H such as M, M", we define 

LP{VL;H) :={^:n^ H, ^-measurable | ||C||lp := {E\C\^)p < +00}, 

rT 1 

^P{0,T;H):={f:nx[0,T]^H, F-adapted | \\f\\j^, := [e j |/(t)r dt) ^ < +00}, 

^^{0,T;H) := if : nx[0,T] ^H, ^x=^([0, r])-measurable and sf \f{t)\Pdt 

S^^{[0,T];H) := ih-Mx [0,T] -^ H, F-adapted and path-continuous 

^p:=(e[ sup |/(t)r])'<+oo|. 
^ te[o,T] ' -" 



<+oo 



In an obvious similar way, L°^(J1; H),^^{0, T; H) and ^p°°([0, T];H) are defined. Write L^i^), 
^^(0,r), and y^[^,T] for LP(rj;]R), ^i^(0,r;M), and ^^([0,r];M), respectively. 

Recall the definition of classical Holder spaces on M". Let rri be a nonnegative integer and 
a G (0, 1) be a constant. C™'(M") := C™(M") is the space of all m-times continuously differential 
functions on W^ of bounded derivatives up to order m. For any ip G C^iW^) and k < m, define 
the semi-norms: 

[iflo := sup \(p{x)\, [ip]k := V [-D'^y'lo, 

7|=fe 

and the norm \(f\m '■= ZlfcLoMfe- C™'"''"(M") is the space of all the functions in C^^CM."") satisfying 
[(/3]m+a < +00, where 

\(f{x) -(p{x)\ 



|7|=fc 



ZT^x |3^ 2;| 



For V9 G C™+"(M"), define the norm Iv^U+a := \(p\m + [fjm+a- 

Now we define our functional Holder spaces. For any p £ [1, +00], a nonnegative integer m, 
and a G (0, 1), define 

C""(E";LP(f])) :={0 : M" ^ LP{n), =^(IR") x ^-measurable, 

is r7T.-times continuously differentiable in x as an L*'(r2)-valued functional, 
with all the derivatives up to order m being bounded in LP{Q)}, 



equipped with the norm 



-Ei 



\m,LP ■— 2_^[9\k,LP, 
k=0 

where 

Mfc.Lp := E [D'^4']o,Lp, [0]o,Lp := sup ||(^(x)||lp. 

Define C""+"(IR"; LP(J1)) as the sub-space of ah </. G C""(IR"; L*'(J1)) with norm 

||0||m+a,LP := ||0||m,LP + [4>]m+a,LP < +00, 

where 



rn V- \\D'^ct>{x)-D'^cf>{y)\\LP 

mm+a,LP ■= > , sup 






Define 



C7'"(M";^P(0,r;M')) := {V' : M" ^ ^i^(0,r;M'-), ^(•,x) is F-adapted for any x G M", ^ is 

m-times continuously differentiable in x as an .5f^(0, r;R'')-valued functional, 
with all derivatives up to order m being bounded in .if^(0,T;M')}, 

equipped with the norm 

m 

i,^P '■= / ,[i^]k,^P, 
fe=0 



where 

W\KJ^p ■■= Y] [-D^V']o,=?p, [^]o,=Sfp := sup ||^(-,x)||^p. 
n\=k 

Denote by C™+"(M";^^(0,T;M')) the sub-space of ah ^ G C™(M";^^(0,T;M')) with norm 

where 

^-^ ||D^V.(-,x)-D^V.(-,y)||^P 

mm+a,if'' ■= Z^ sup ^ . 

Write C'"+"(R";^^(0,T)) for C"'+'^{W;^^{0,T;R^)) for simplicity. 

In an obvious similar way, define spaces C""(M"; =^i^[0,r]) and C""+"(M"; =^i^[0,r]), semi- 
norms [•]k,yp and [•]k+a,yp^ and norms || • \\k,yp and || • \\k,yp- 

Remark 2.1. For h G C"(IR";^~(0,T;M')) and ip G C"(M";^j^(0,r;M')), we have the fol- 
lowing inequalities: 

[hip]a,yp < [h]o,y^bP]a,yp + [h]a,y°°bP]o,yp, 

yp < [h]o,y°°\\ip\\oi,yp + [h]a,y°°bP]o,yp, 
yp < [h]o,y^bP]a,yp + \\h\\a,y°°bP]o,yp- 



Similar to classical Holder spaces of scalar- or finite-dimensional vector- valued functions, we 
have the following interpolation inequalities. 

Lemma 2.1. For tp G C2+°(IR";^j^(0,r;M')) and all e > 0, there is a constant C = C{e,a) 
such that 

W\2,yp < eW\2+a,yp + C [ij]o,yp, 

W\i+a,yp < £W\2+a,yp + C [V'lo.ifp, 
W\\,yp < £W\2+a,yp + C [ij]o,yp, 

[lp]a,yp < £bP]2+a,yp + C [Tp]o,yp. 

Analogous inequalities also hold for ^ G C2+°(M"; LP(0)) and ^ G C2+"(M";^P[0, T]). 

The proof is similar to that of the interpolation inequalities in the classical Holder spaces in 
Gilbarg and Trudinger |121 Lemma 6.32]. It is omitted here. 

2.2 Linear BSPDEs 

Consider the following Cauchy problem of linear BSPDEs in functional Holder spaces, 

' —du{t,x) =\aij{t,x)diju{t,x) + bi{t,x)diu{t,x) + c{t,x)u{t, x) + f{t,x) 

+ ai{t,x)vi{t,x)]dt-vi{t,x)dWl, (t,x) G [0,T] x E", (2.1) 

u{T,x)=<^{x), xGM". 



We make the following assumptions on the coefficients: 

a : [0, T] X M" ^ 5", 6 : [0, T] x f] x M" ^ M", 
c : [0, T] X fl X M" ^ M, cr : [0, T] x Jl x M" ^ R'^, 
/ : [0, T] X J] X M" ^ M, $ : J] x M" ^ M, 

which are random fields (5" is the set of all n x n-symmetric matrices) and jointly measurable, 
and whose values corresponding to each x G M" are F-adapted or ^y-measurable. 

Assumption 2.1. (Super- Parabolicity) There are two positive constants A and A such that 

A|e|' < a^J{t,x)^iCJ < A|eP, V(t,x,0 G [0,r] X M" X M". 

Assumption 2.2. (Bounded) a £ C"(M";^~(0,r;M"^")), b G C°(M";^~(0, r;M")), c E 
C"(M";^j?°(0,r)), and a G C7"(R'^;^~(0, r;M'^)). Also, a, 6, c and a are uniformly bounded, 
i.e., there is A > such that 

||aJil|o,i?°° + ||^j||a,i?°° + ||c||a,^°o + ||o-i||a,^oo < A. 

Throughout this paper, a is assumed to be a deterministic function of (t, x). But for a unified 
exposition, we stiU write a G C"(M";^jf'(0,T;M"^")). 

A classical solution to BSPDE (jl.ip in Holder space is defined as follows. 

Definition 2.1. Let $ G Ci+"(IR";L2(f7)) and / G C"(M";.iff (0,T)). We call (u,t;) a classical 
solution to BSPDE (gH) if 

(u,t;) G C7°(M";^|[0,r]) nC;2+"(M";^l?(0,r)) X C"(M";^|(0,r;M'^)), 

and for all (t,x) G [0,T] x M", 

u{t,x) =^{x) + / ajj(s,x)9|,ti(s,x) + 6j(s,x)9ju(s,a;) + c(s,x)n(s,x) 

1 /"^ 

+ /(s,x) + o-(s,x)v(s,x) ds — v{s,x)dWs, dP-a.s.. 

For simplicity of notation, define 

C> n C]^2" X C^2 := C°(M";^|[0,r]) n C2+°(M";^j2(0,r)) x C°(M";^|(0,r;M'^)). 

2.3 Estimates on the heat potential 

Consider the heat equation: 

dtu{t,x) = aij{t)dfju{t,x), {t,x) G [0,T] x M", (2.2) 

where {aij)nxn '■ [0,7"] — )■ 5" satisfies the super-parabolic assumption. Define 

°"'<"> ■= (4,)»/^(d'etA.,)V^ "" (" i <■'"'' "■"')■ ^» S ' < » S ^- 

where j4s^t := j"^" a{r) dr. Then G(^o(3;) is the fundamental solution to the heat equation (j2.2p : 

dsGs,tix) = aij{s)dfjGs,tix), s>t, 
dtGs,t{x) = -aij{t)dfjGs,t{x), t < s. 



Remark 2.2. From Ladyzhenskaja et. al [16], we have 



(i) 



D^iGs,t{x)dx 



(2.3) 



that 



1, 7 = 0, 

0, |7|>0. 

ii) For any multi-index 7 S F and s > t, there exist C = C(A, A, 7,n) and c G (0, -^) such 

2 



\D^Gs,t{x)\ < C{s - t) 2 exp -c ' 



s-t 



(2.4) 



(iii) For any 7 G F such that n + I7I > 2, there is a constant C = C(A, A, 7, n, T) such that 

/"^ \D-^Gs,t{x)\ dt < C|a;r("+lTl)+2, Vs G [0,T]. (2.5) 

(iv) Let a G (0, 1), and 7 G F such that I7I < 2. There is a constant C = C(A, A,7, a,n,r), 
such that for any T > s > r > 0, 

/ / \D^Gs,tix)\\x\'^dxdt<C. (2.6) 

(v) Let 7 G F and a G (0, 1). There exists C = C(A, A,7,n,T), such that 

sup r \D^Gs,t{x)\\x\"dt<G f t-^lxl'^expf-J-^^dt. (2.7) 

The fohowing lemmas will be used to derive a priori Holder estimates in Section 3. 
From Mikulevicius [191 Lemma 4], we have 

Lemma 2.2. For any multi-index \j\ = 2, there exists C = C(A, A,7,n,T), such that for any 
< T < s < T, and a > 



\y\<a 



D^'GsMdy 



dt 



\y\>a 



D^'GsMdy 



dt<G. 



Lemma 2.3. Let r] > be a constant. Then for any 7 G F such that \'y\ = 2, there is a constant 
G = C(A, A, 7, a, n, T) such that 



Proof. In view of (j2.7p . we have 



BviO) 



I sup r\D'<G,MWdtdy < Cr^. 

JBrtiO) T<S Jt 



<c 



sup r\D'rG,,tiy)\\yrdtdy 

T<S J T 

t 2 \y\ exp ( — c ) dtdy 



5^(0) JO 



<G I |2/r"+"dy< Grj" 

lBr,(&) 



n 



Lemma 2.4. For any x, x G M" and 7 G F such that I7I = 2, we have 

f sup r D^GsA^ -y)- D^Gs,t{x -y)\x- y^ dt dy < Crf 

J\y—x\>r\ T<s Jt 

where rj := 2\x — x\ and C = C(A, A,7, a, n,r). 

Proof. Define x := x + 2(x — x). Let ^ be any point on the segment joining x and x. For 
|y — x| > r/, we have 

1^11 3 

\i-x\< -\x -x\< -\x - y|, -\x - y\ <\i - y\ = \{x - y) + {i - x)\ < 2 1^ ~ ^1- 

In view of (fTIj) . ([23]) . and (1221), we have 

/ sup/" D^G,,i(x-y)-D^G,,i(x-y) |S-yrdtdy 

^|j/— x|>r; T<s Jt 

<Cr] sup/ / dxD'^Gs^ti'f'x + {1 — r)x — y) dr\x — yl" dtdy 

J\y—x\>rj r<s Jt Jq 



'' n+3 / \rx + (1 — r)x — yp 



\y-x\>riJo Jo 



dr\x — y\°' dtdy 



<Crj 



T 



t 2 exp — c 



J \y~x\>ri 



\x-y\ 



t 



\x — yY^ dtdy 



< Crj I \x — y\ 

\y—x\>ri 



-n— l+Q 



dy < Crf. 



D 



3 BSPDE with space-invariant coefficients 

Consider the fohowing linear BSPDE with space-invariant coefficients, 

' -du{t,x) =[aij{t)dfju{t,x) + f{t,x) + ai{t)vi{t,x)] dt 

-vi{t,x)dWl, (t,x) G [0,r] xM", 
t u{T,x)=^{x), xGM", 



(3.1) 



where {aij)nxn '■ [0,T] — )• 5" and fi : il x [0, T] — ;• M'^ are F-adapted. For this case, Assumptions 
12.11 and 12.21 can be combined into the following one. 

Assumption 3.1. There exist two positive constants < A < A, such that 

(a) For any t G [0,r], 

X\^\ < a,j{t)^i^j < A\^\, VCgM". 

(b) a£^^{0,T;R'^), and \\a\\j^oo < A. 

In what follows, we obtain an explicit expression for the classical solution (n, v) to BSPDE 
p.ip by the terminal term <I> and the free term /. Consequently, the a priori Holder estimates 
are derived. At last, we prove the existence and uniqueness result of classical solution to BSPDE 
(133]). 



3.1 Explicit Expression of {u,v) 
For simplicity of notation, denote 



Rtcpix) := / Gs,t{x - y)4>{y)dy, Vs > t, 



i?iX-)(x) := / Gs,t{x-y)^{-,y)dy, Ws > t. 



First, we have 

Lemma 3.1. Suppose that Assumption\3J\holds, $ € Ci+"(M"; L2(fl)) and f e C"(M";^|(0,r)). 
// {u,v) £ Cy2 n C^" X C^2 «s i/ie classical solution of BSPDE (f3TT]) . i/ien /or aZZ (t,x) G 
[0, T] X M", 



n(t,x) = i2t'$(x)+ / Rlf{s){x) + ai{s)Rtvi{s){x) ds - / i?fwKs)(x) d^,', P-a.s.. 
Jt ^ ^ Jt 

Proof. For all (t,x) € [0, T] x M" fixed, s G (i,r], using Ito's formula, one has 
Gs,t(a;-y)'u(s,y) 
= GT,t{x-y)u{T,y) - Gr,t{x-y)du{r,y) - u{r,y) dGr,tix - y) 

J s J s 



T 



GT,t{x - y)^{y) + / Gr,t{x - y)f{r,y) + ai{r)Gr,tix - y)vi{r,y) 



Gr,tix-y)vi{r,y)dWl 



dr 



A direct computation shows that 



aij{r)dfjGr,t(.x - y)u{r,y) - Gr,t{x - y)aij{r)dfju{r,y) 



dr. 



dr dy = 0. 



aij{r)dijGr,t{x - y)u{r,y) - Gr,t{x - y)aij{r)diju{r,y) 
Stochastic Fubini theorem (see Da Prato [28^ Theorem 4.18]) gives that 

/ / Gr,t{x-y)vi{r,y)dWldy= / / Gr,t{x - y)vi{r,y)dy dW, 
Thus, integrating w.r.t. y over M" both sides of (|3.2p . we have 



Gs,t{x-y)u{s,y)dy 



Rj^{x) + / Rlf{r){x) + ai{r)Rlvi{r){x) 



dr 



I R>lir){x) 



dWt 



(3.2) 



(3.3) 



In what follows, we compute the limit of each part of (j3.3p as s — )• t. 



Since u G C"(M";^|[0,r]), we have from estimates (gS]) and ([23]) on the heat potential 



that 



E / Gs,tix-y)u{s,y)dy -u{t,x) 

= E Gs,tix-y)[u{s,y) -u{t,x)]dy 

<CE Gs,t{x -y)\u{s,y) -u{t,x)\'^ dy 

Jk" 

<CE exp (— c|zp) \u{s, X — \/s — tz) — u{t, x)\ dz 



0, as s 1 1. 



In view of i\2.'6\i , we have 



E 



E 



Gr,tix - y) vi{r,y) dy dWl 



Gr,t{x - y) [v{r, y) - v{r, x)] dy + v{r, x) 



dr 



<2E 



Gr,t{x - y) [v{r, y) - v{r, x)] dy 



dr + 2E / |f(r, a;)| dr 



<GE / Gr,t{x — y) \v{r,y) — v{r,x)\'^ dydr -\-2E / \v{r,x)\'^ dr 
Jt Jr" ' Jt 

<G f sup Gr,t{x -y)\x- y^'^dy ■ sup s/'^^^^^^f^^^^^fe^dr 

JR" re[t,s] ' yeM." Jt \x — y\ 



1 2a 



+ 2E \v{r,x)\'^dr. 



Since v E C°(M";^/(0,r;M°')), we have 



hmi? / |t;(r, x)! dr = 0, hm sup E I 

sit J^ sit „g]gn J^ 



\v{r,y) — v{r,x)Y 



\x-y 



\2a 



dr = 0. 



In view of Lemma 13.21 below, we obtain 



lim£' 

sit 

In a similar way, we have 



Gr,t{x - y) vi{r,y) dy dWl 



0. 



limii^ 

sit 



dr 



0. 



Rlf{r)ix) + ai{r)Rlvi{r){x) 

Letting s — )• t in equality (13. 3p . we have the desired result from (13. 4p . (13. 5p and (13. 6p . 
Lemma 3.2. For sufficiently small s — t, we have 



/ sup Gr,t{x — y)\x — yp" dy < +oo. 

Jr" rg[i,s] 



(3.4) 



(3.5) 



(3.6) 
D 
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Proof. First, consider the following function p: 

„2 



We have 



p{t, r) := t-t exp ( -^r' ) , (f , r) G [0, T] x 



dtp{t, r) = [cr^ - -nt ] t "^pit, r). 



Therefore, the function p{-,r) increases on [0, jT] for any fixed r such that r^ > M^ := ^, and 

we have 

sup p{t,r) < p{-T,r). 
te[o,iT] "t 

Now let us derive the desired inequality. Choose s — t < -^. In view of estimate (j2.4p to the 
heat potential, we have 

/ \x- yp" sup Gr,t{x - y) dy 

JR" r-g[t,s] 

= / k-yp" sup Gr,t{x-y)dy+ / |x - y|^" sup Gr,t{x-y)dy 

J\x-y\<M rg[t,s] J|a::-y|>M relt.s] 

<C /" |z|2° sup p{r-t,\z\)dz + C I |z|2" sup p{r-t,\z\)dz 

J\z\<M T&[t,s\ J\z\>M r£[t,s\ 

=h + C f \z\^"p{]T,\z\)dz. 

J\z\>M 4 

Since the second integral is easily verified to be finite, it remains to show Ji < oo. Noting that 
p{t, \z\) is maximized at t = f c|zp over [0,r] for any fixed z such that \z\ < M, we have 

2 

sup p{r - t, \z\) < p(-c|zp, \z\) < C|z|"" 

rg[t,s] " 



and 

h<C 

'\z\<M 

n 



h<C [ \ z\-''+^'' dz < +00. 
The proof is then complete. 



In Lemma l3.H the expression of u still depends on u, which is unknown. Next, we construct 
an explicit expression of (u, v) only in terms of the terminal term $ and the free term /. 

Let $ G C^+''{W;L'^{Q)) and / G C"(R";ifj?(o,T)). Consider the following two family 
BSDEs: for any x G M" and almost ah r G [0,r], 

ip{t;x) = <^{x)+ ai{r)^i{r;x)dr- 'ipi{r;x) dWl, Vt < T, (3.7) 

Y{t;T,x)=f{T,x)+ ai{r)gi{r-T,x)dr- gi{r;T,x)dWl, ^t < t, (3.8) 

Jt Jt 

and {ip{-,x),ip{-,x)) and {Y {■; t, x) , g{-; t, x)) are their solutions, respectively. 

Prom the theory of BSDEs, we have 
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Lemma 3.3. Assume that ($,/) G C^+°'{W;L'^{Q)) x C"(R";^|(0,T)). Let (99, V') and {Y,g) 
be defined by solutions of BSDEs ()3.7p and (|3.8p . respectively. Then, 

and i/iere is C = C{a, n, d) such that 

\W\\l+a,.yi + llV'lll+a.ifa < C||$||i+c^,L2 , 

and 

'•^ ^/(fsupi<jy(t;r,j;) - y(t;r,x)|2dr 



f , . s,9 ii/ In sup4<„ y(t;r,j;) — y(t:r,a;)dr ,, ,„ 

suvE sup|y(t;r,:r)p(ir + sup -^° ^^^'^ ' ;' 'J < C||/||2 

X JO t<r x^x \X — X\ 

r f\ , x,9 E[I'fI^\g(t;r,x)- g(t;r,x)\^dtdr „ „ 

X JO JO x^^x \X — X\ ' 



We have the fohowing exphcit expression of (n, v). 

Theorem 3.4. Lei ylssumpiion EJ] /loZd and ($,/) G Ci+"(M"; L2(f])) x C''{W;^^{0,T)). 
Let {(p,ip) and {Y,g) be defined by solutions of BSDEs (j3.7p and (j3.8p . respectively, and {u,v) G 
C^2 n C^a" X C^2 so/ue 55PD^ ([31]). Then for all x G M", 

u{t,x) = Rjip{t){x) + / RlY{t;s){x)ds, Vt G [0,r], dP-a.s., 

vi{s,x) = Rg'il^l{s){x) + / Rlgi{s;r){x) dr, ds x dP-a.e.,a.s., l = l,---,d. 

Proof. Define 

Wt:=- [ a{s) ds + Wt 
Jo 

and the equivalent probabihty Q by 



dQ := exp ( / a,(t)(iW/ - - / \a{t)\'^dtj dP. 



Then, VF is a Brownian motion on ((7,^,F, Q). In view of Lemma 13. H we see that for all 
{t,x) G [0,T] xM", 



i-T rT 



u{t,x) = Rf<^{x)+ f Rtf{s){x)ds- [ Rtvi{s){x)dWi, P-a.s., 
Jt Jt 



It Jt 

rT 



ip{t;x) = ^{x) - Tpi{s;x)dWs, P-a.s., 
and for almost all t & [0, T] and any s < t, 

Y{s;t,x) = f{T,x)- gi{r;T,x)dW}., P-a.s.. 
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In view of the stochastic Fubini theorem and semi-group property of Gt^s(-), we have 



Rf^x) + I Rtf{s){x)ds 



T 



■.Ri^{t){x)+ RfY{t;s){x)ds 

/"T ^_^ rT rs ^_^^ 

+ / RjMs){x)dWl+ / Rt / gi{r;s)[x)dWlds 
Jt Jt Jt 

j-T 

■.Rj^{t){x) + j RlY{t-s){x)ds 

+ j Rt(^R^Ms) + l R:gi{s;r)dryx)dWi. 



(3.9) 



Therefore, 



u{t,x)+ I Rlvi{s){x) dWl 
:Rfip{t){x)+ f RfY{t;s){x)ds 

+ 1 Rt(^R^Ms) + l R:gi{s;r)dryx)dWi. 



(3.10) 



In view of Lemma 13.31 we have for each x G M", 



ds < +00, P-a.s.. 



i?f (i?fV(s) + J R:g{s;r)dryx) - RMs){x) 
Taking the conditional expectation EQ[-\,^t] on both sides of (j3.10p . we have almost surely 
u{t,x) = R[ip{t){x)+ RtY{t;s){x)ds, Vx G M"; 



and 



which implies the following 



E 



Rf R^Ms) + / Kgiis; r) dr - viis) (x) dWi = 0, V(t, x) G [0, T] x W\ 



ds = 0, V(t, x) G [0, T] X M". (3.11) 



Rt R^Ms) + / R:9iis;r)dr - vi{s) (x) 



Then, for all / = 1, • • • , d, we have almost surely 

Vi{t,x):=j Rt(^RjMs)+[ R:gi{s;r)dr-vi{s)yx)ds = 0, (t,x) G [0,r] x M", 

which almost surely solves a deterministic PDE and therefore the nonhomogeneous term (the 
sum in the bigger pair of parentheses in the last equality) of this PDE is equal to zero. Conse- 
quently, we have for each x G M", 

rT 

vi{s,x) = Rgipi{s){x) + / Rlgi{s;r){x) dr, ds x dP-a.e.,a.s.. 

J s 

The proof is complete. D 
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3.2 Holder Estimates 

Using the explicit expression of {u, v) of Theorem I3.4| we shall derive Holder estimates for {u, v) 
in relevance to $ G C^+'^ {W ; L^ (n)) and / G C"(M";ifj2(o,r)). 

We need some lemmas first. From the estimates to the heat potential, we have 



Lemma 3.5. Let AssumptionlMhold and i<^J) G Ci+"(M"; ^^(Jl)) xC"(IR";^j?(0,T)). Then 
for all {t,x) G [0,T] x M", Rf^^x) is twice continuously differentiable in x as an L'^ (Q,) -valued 
functional, and 

diRj^{x)= I GT,t{x-y)dMy)dv= f diGT,t{x-y)Hv)dy, 

dlRj^{x)= f diGT,t{x-y)djHv)dy= I dlGT,t{x-y)[Hv)-Hx)]dy. 

Also, for all x G M", /^ Rff{s){x)ds is twice continuously differentiable in x as an ^^(0,T)- 
valued functional, and 

di Rtfis){x)ds= / diGs,t{x-y)fis,y)dyds, 



t Jt . 

T rT 



4/ Rtfis){x)ds= / df^G,,tix-y)[f{s,y)-f{s,x)]dyds. 

Jt Jt Jr" 

Combining Lemmas 13.31 and 13.51 we have the following corollary. 

Corollary 3.6. Let A s sumption \M hold and ($,/) G G^+'^iW; L^{n)) x C°(M";^p2(0,T)). 
Let {(p,ip) and {Y,g) be defined by solutions of BSDEs (j3.7p and (|3.8p . respectively. Then, we 
have for all {t, x) G [0, T] x M", 

diRfip{t){x) = / GT,t{x-y)dnp{t,y)dy, P-a.s., 

Jr" 

dfjRj v{t){x) = I diGT,t{x - y) [dj<f{t, y) - djip(t, x)] dy, P-a.s.. 
and for all x G M", dt x dP-a.e.,a.s., 

di I RlY{t-s){x)ds= [ I diGs,t{x-y)Y{t-s,y)dyds, 

Jt Jt JR" 

dl f RtY{t;s){x)ds= [ [ dfjGs,t{x-y)[Y{t;s,y)-Y{t;s,x)]dyds. 

Jt Jt JR" 

The following estimate will be used frequently. 

Lemma 3.7. Suppose that {A,£/) is a measurable space, and fi : [0, T] x [0, T] x yl — t- M zs 

,^([0,T]^) X £/ -measurable. Let /i : [0,T] x [0,T] x i7 x A — > M 6e a measurable function. Then 
there exists a constant G, such that 



E 



T 



T f 

/ h{t,s,a)iJ,{s,t;a) dads 
t J A 
T 



2 



dt 



<G supE sup\h{t,s,a)\ ds ■ /sup/ \fi{s,t;a)\dtda ■ sup / \fi{s,t;a)\dads. 

a€A JO t<s J A s Jo t Jt J A 
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Proof. 



E 



<CE 



t J A 



h{t, s, a)iJ,{s, t; a) da ds 



dt 



T 








dt 



<C E 

I A 



T r rT r 

\h{t,s,a)\ \fi{s,t;a)\dads ■ / \^{s,t;a)\dads 
t J A Jt J A 

sup |/i(t, s, a)p- / |/x(s, t; a)|(it(is 
i<s Jo 

2 



da ■ sup / / \fi{s,t;a)\dads 
t Jt J A 



<CsupE / sup |/i(t, s,a)| ds ■ /sup / \fi{s,t;a)\dtda ■ sup / \^{s,t;a)\dads. 

'o t<s ^ Ja s Jo t Jt J A 



Then, we have the Holder estimates for both parts in the expression of u. 
Lemma 3.8. Let Assumption \3. 1\ be satisfied and that 

($,/) G C^+''{W;L\n)) X C7°(M";^|(0,r)). 
Let (99, ip) and {Y, g) he defined as before. Then, we have 



D 



/ 



R'Y{-\s)ds 



2+a,^2 



< c 



^=^'2, 



where C = C{X,A,a,n,d,T). 



Proof. It is sufficient to prove the second inequahty, and the first one can be proved in a similar 
way. 

For 7 S r such that I7I < 1, in view of (|2.6p . (j2.7p . and Lemmas 13. 3| 13.51 and 13.71 we have 

E [ D^ [ Rs,tY{t;s){x)ds dt 
Jo Jt 

= E I I [ D^'Gs,t{x-y)Yit-s,y)dyds dt 
Jo Jt Jr" 

<C supE / sup \Y{t;s,y)\ ds ■ / sup / iD'^Gs^tix — y)\dtdy 
y Jo t<s Jr" s Jo 

\D'^Gs,Tix -y)\dyds 
<Csup£' / sup |y(i; s,y)| ds ■ / sup / \D^Gs,t{x — y)\dtdy 

y Jo t<s JR"T<s Jt 



■ sup 




<C^II/llo,^^ 



<c\\f\\lj,.. 



T f , , /I i2 

/ "+l7l / \x — y\ 

It 2 exp I — c 

JK" V * 



dy dt 



That is, 



/ Rs,Y{-,s)ds 



1,^^ 



< G 



0,Jf2. 



(3.12) 
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For I7I = 2, in view of ()2.6p . ()2.7p . and Lemmas 13.31 13-51 and 13.71 we have 



E I D'^ I RfY{t;s)ds 
Jo Jt 



dt 



-CE 



T 







D^Gs,t[x-y)\x-y\ — -^ dyds 



\x — y[ 



dt 



^r wC \y{t-s,y)-Y{t;s,x)\^ ^ 
<CsupE sup j -5 ds ■ 

y Jo t<s k-yr° 



<C[f? 



2 



T 



"+I7I 

t 2 exp — c 



\x-y\ 



t 



sup/ \D^Gs,t{x-y)\\^-yrdtdy 



\x — yl'^dydt 



<c[f]i,j^.. 



Thus, 



Rs,Y{t;s)ds 



2,^2 



< C[fLj^2. 



(3.13) 



Define v := 2|3; — x\ for x ^ x. By Lemma 13.51 we have for I7I = 2, 

D^ / RtY{t;s){x)ds-D^ f RfY{t;s){x) ds 
Jt Jt 

dy ds 
D'<Gs,t{x-y) Y{t;s,y)-Y{t-s,x) 

Jt ^R" 



D-'GsAx-y) Y{t;s,y)-Y{t;s,x) 
T 



dy ds 



,x,x 



j=i 



with 



Jt J Bv{x) 

h-=- I I D''Gs,tix - y) [y{t; s, y) - Y{t; s, x)] dy ds, 

Jt J Bv(x) 
T f 

D^Gs,t{x - y) {Y{t; s, x) - Y{t; s, x)] dy ds, 



(3.14) 



't J\y—x\>v 

h:= - [ [ [D^Gs,t{x -y)- D^Gs,t{x - y)] [Y{t- s, y) - Y{t; s, x)] dy ds. 

Jt J\y~x\>v 

Next, we estimate Ii{t, x, x) for i = 1, 2, 3, 4. In view of Lemmas 12. 3|. 13. 3| 13. 5|, and l3.7|, we have 

r-T 

E / \Ii{t,x,x)\^ dt 
Jo 



■E 







t JB^{x) 



in7^ r Ml ia\Yii'^s,y) -Y{t;s,x,, 
\D^Gs,tix-y)\\x-y\ — -j^ dyds 



\x — y\' 



.^ pT \Y{t;s,y)-Y{t;s,x)W 

< C sup E / sup j tt; as 

y Jo t<s \x-y 



2a 



dt 



sup/ \D'^Gs,t{x - y)\\x - y\°'dtdy 

B^{x)t<sJt 



<C[/]'^2|x-x|2". 
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In the same way, we have 



E \h{t,x,x)\'^dt<C[f]lj^^\x-x\ 
Jo 



2a 



From Lemma |2.2| we have 

r-T 



< 



<E \Y{t;s,x)-Y{t;s,x 

Jo Jt 



dsdt 



E I \h{t,x,x)\^dt 
Jo 

E [ [ \Y{t; s, x) - Y{t; s,x)\ [ D^Gs,t{x - y) dy 

Jo Jt J\y-x\>v 

f D^Gs,t{x-y)dy 

J\y—x\>v 

• sup / / D'^Gs,t{x - y) dy 

t Jt J\y—x\>v 

< CE sup \Y{t; s, x) - Y{t; s, x)\^ds • sup / / D^Gs,t{x - y) dy 

Jo t<s s Jo J\y-x\>v 

<C[f]ly2\x-x\'^. 

For Ii{t,x,x), in view of (|2.7|) and Lemmas 12. 4[ 13.31 and \'3.7\ we have 



dt 



E / \h{t,x,x)\^dt 
Jo 



<GE 



T 







T 



\D^Gs,t{x -y)- D^GsAx - y)\ \Y{t; s, y) - Y{t; s, x)\dyds 

It J\y-x\>v 

^r 17 r \y{t;s,y)-Y{t-s,x)\\ , 

<C supE sup — p: ds 

y Jo t<s |x-y|^" 

-\ 2 

[ sup r\D"'Gs,t{x -y)- D^Gs,t{x - y)\ \x - y^dtdy 

J\y—x\>v T<s Jt 



dt 



<C[f]lj^2\x-x 
In summary, we have 



\y-x\> 
2a 



4 „T 

y^E \h{t,x,x)\^dt<C[f] 



2 1^ ^\2a 

9^2 |X — 'l'\ 



(3.15) 



Combining (l3J2]l . (l3J3]l . and (fXTS]) . we have 



/ Rs,Y{--s)ds 



2+a,if2 



< c 



:,=?2- 



D 



Next, we estabhsh the Holder estimates for both parts in the expression of v. 
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Lemma 3.9. Let Assumption\3J\ be satisfied and {^, f) G Ci+°(M"; ^^(Jl)) xC"(M'";^j?(0,T)). 
Let {^,ip) and {Y,g) be defined by solutions of BSDEs <\2>.1\ and ()3.8p . respectively. Then 

\\R^^{-)\\l+o.,J^^ < <^ll^lll+a,L2, 
T 



R'!g{-;s)ds 



a,^2 



< C 



a,^2) 



where C = C{X,A,a,n,d,T). 



Proof. For any 7 G F such that I7I < 1, using Ito's lemma and stochastic Fubini theorem, we 
have 



Dm'^^{s){x) 



■ D^<^(x) 



GtA^ - y) d[D^^{T, y)] dy 



■■D^'^{x) + 



T 



D"'lp{t, y) dGT,r{x - y) dy 

dy dr 



a,,{r)dt^GT,r{x - y)D^ip{T,y) + a(T)GT,.(x - 2/)I?^V(t, 2/) 

T 

D^Rlilj{T){x)dWr. 



Q the theory of BSDEs, 


we have 


E [ \D^R^ijiT)ix)\^dT 
Jo 


< GE 


|D^$(x)|2 + 


Jo Jr" 


< GE 


|I?^$(x)|2 + 


r f d^GrA^ 

Jo JM" 


for x / X, 







(^iji^) / dfjGrA^ - y)[D''''p(.T, y) - D'^ifir, x)]dy dr 



e[ \D^Rl^{T){x)-D^Rl^{T){x)\^dT 
Jo 



<CE 



|D^$(x)-i?^$(x)|2 + 



T 



df^GrA^ - y)[D'<^{T,y) - D^^{t,x)] 



dfjGTA^ - y)[D^^{T,y) - D'^^{t,x)] dydr 



2n 



Similarly as in Lemma 13.81 we have 

For all X G M", and almost all r G [0,r], 

RlY{t;r){x) = f{r,x)+ f a{s)Rlg{s;r){x)ds - f Rlg{s-r){x)dWs 

Jt Jt 

+ / aii(s) / dfjGrAx - y) \y{s] r, y) - Y{s] r, x)] ds, \/t < r. 
Jt Jr" 
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Prom the theory of BSDEs, we have 

E r \Rlg{s-r){x)\'' ds 
Jo 



<CE 
<CE 



|/(r,x)|2 + 
|/(r,x)|2 + 







aij(s) / 5|,G'r,5(2;-2/)[l'(s;r,y) -y(s;r,x)] 
dfjGr,six - y) \Y{s] r, y) - Y{s; r, x)] dy 



ds 



ds. 



Integrating both sides on [0,T], we have 

pT pT pT pr 

E / \Rlg{s;r){x)\^drds = E I / \Rlg{s;r){x)\'^ dsdr 

Jo Js Jo Jo 

<Ce\ I \f{r,x)\^dr+ I 

Ljo Jo JO 

<Ce\ [ \fir,x)\^dr+ [ [ 
LjO Jo Js 

Similarly, 

E / \Rlg{s-r){x)-Rlg{s-r){x)\''drds 

Jo Js 

rT rT rT 



dfjGr,s{x - y)[Y{s;r,y) - Y{s;r,x)] dy 
df^GrAx - y) [Y{s; r, y) - y(s; r, x)] dy 



dsdr 



dr ds. 



<GE 



\f{r,x) - f{r,x)\ dr + 
'-JO JO Js 

dfjGr,six-y)[Y{s;r,y) -Y{s;r,x)]j dy 



df^GrAx - y)[Yis;r,y) -Y{s;r,x)] 



dr ds. 



In view of the proof in Lemma 13.81 we have 

rT 

R''g{-;s)ds 



■ ^^ 



< G 



-,^2. 



D 



We have the following Holder estimate for {u,v). 



Theorem 3.10. Let Assumptionl3J\be satisfied and (^ J) G C^+"(R"; L2([7))xC"(M";^p2(Q^2^))^ 
If {u,v) is a classical solution to BSPDE (13. ip . then 



where C = G{X, A, a, n, d, T) . 

Proof. From Theorem 13.41 and Lemmas 13.81 and 13.91 '^s have 

Ikll2+a,^2 + ||?;|U,j^2 < C \\\<^\\ij^a,L^ + ||/|U,^2^ 

Since {u,v) is the solution of BSPDE ([3l]), we have for ah (t,x) G [0,r] x M", 

M(t,x) = $(x)+ / {aij{s)^^ju{s^x)-\-f{s^x)-\-a{s)v{s,x)\ds— I v{s,x)dWs, dP-a. 
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For each x, it is a BSDE of terminal value ^{x) and generator aij{t)dfju{t, x) + f{t, x) + a{t)V. 
Prom the theory of BSDEs, we have 



E[sup\u{t,x)\^] <CE 
t 



$(x)| + / |ajj(s)(9j,-u(s,x) + /(s,x)| ds 



<CE 

and for all x 7^ x, 

S[sup |n(t,x) — u(t,x)| ] 



$(X)|2+/ \dlu{s,x)Y + \f{s,x)\ 



ds 



<CE 



T r 



$(x)-$(x)|2+ / \dfjuis,x) - df^uis,x)\' + \fis,x) - fis,x)\' 



ds 



Then 



\\u\\c,,.y2 < C ( ||$|U,L2 + \\u\\2+a,JC^ + ll/L,^2 ) < C ( ||^||i+a,L2 + ||/|U,^2 

The proof is complete. 



n 



Remark 3.1. In the preceding theorem, for / G C"^^"(M";.=S^(0, T)), similar to the proof of 
Lemma 13.91 we have 



R'^g{-;s)ds 



< C 



l+a,^^- 



In view of $ G C^+°' {W ; L"^ {VL)) , we have v G Ci+"(M";.if2) and 



3.3 Existence and Uniqueness 

Theorem 3.11. Let As sumption\3J\ be satisfied and {^, f) G C^+"(M";L2(0))xC"(M";^p2(o,r)). 
Zet {(p,il^) and {Y,g) be defined by solutions of BSDEs (|3.7p and (jS.Sp . respectively. Then, the 
pair (u, v) of random fields defined by 

u{t, x) = R[ip{t){x) + / RtY{t; s)(x) ds, 



v{t, x) = Rjij{t){x) + / R^g{t; s){x) ds 
is the unique classical solution to BSPDE (j3.ip . Moreover, {u,v) G {Cy2 H Cj^^) x C^2; af^c^ 

where C = C(A, A, a, n, d, T) . 
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Proof. Let W be defined as in the proof of Theorem I3.4[ In view of Corollary 
(t,x) G [0,r] xM", we have 



rT 

/ aij{s)dfjR^ip{s){x)ds 



T 



2ij{s)dfjGT,s{^ - y)[ip{s,y) - ^{s,x)] dyds 



ds 



Gt,s{^ - y)[V'(s, y) - f{s, x)] dy ds 



= GT,ti^-y)[<fit,y) - (p{t,x)]dy+ / GT,six - yMfis,y) - vis,x)]dy 



=R[ip{t){x)-^{t,x)+ [ R^Ms){x)dWi- [ Ms,x)dWi 



=Rj^{t){x)-^x) + j R^Ms)ix)dWi. 



Similarly, we have 



rT 



aij{s)dfj / R'',Y{s;r){x)drds 



T rT 



t Js 
T rT 



aij{s)dfjGr,s{x - y)[Y{s;r,y) -Y{s;r,x)] dy dr ds 
/ / / --^Gr,s{x-y)[Y{s;r,y) -Y{s;r,x)]dydrds 

rr Q 

j --^Gr,s{x - y) \Y{s] r, y) - Y{s; r, x)] ds dy dr 
Gr,t{x - y) \Y{t; r, y) - Y{t\ r, x)] dy dr 



T 

t ^R" 



pT p pr 

+ Gr,s{x-y)ds[Y{s;r,y) -Y{s;r,x)]dydr 

Jt JR" Jt 
■T f-T j-T j-T __ 

f{r,x)dr+ R[Y{t;r){x)dr+ ' "'^^ ^^. ~-^/~-^ ^- ^"H 

Jt Jt 



Rlgi{s;r){x)drdWl. 



In view of ()3.16p and ()3.17p . we have 

rT 

aij{s)diju{s,x) ds 



'^ij{s)dfj[R'^(p{s){x)]ds+ aij{s)dfj / RlY{s;r){x) dr 



ds 



--Rj^{t){x)-^x)+ R^Us)ix)dWi- f{r,x)dr 



+ j RlYit-r,y)dr + J J Rlgi{ 



s;r){x) dr dWl 



fT rT _ 

^{x) - f{r,x)dr + u{t,x) + vi{s,x)dWl. 



for all 



(3.16) 



(3.17) 
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Thus, iu,v) solves BSPDE ([SlD, i.e., 



u(t, x) = $(x)+ / aij{s)dfju{s,x) + f{r,x) + a{s)v{s,x) 



ds 



i: 



v{s,x) dWs- 



The remainder of the theorem can be found in Theorem lS.lOi The proof is then complete. D 

Moreover, we have the following Holder continuity of u in time t. For any r G [0,T], denote 
by II • ||m+a,^2 .^ and || • ||m,+Q:,^2 .^ the obvious Holder norms of a process restricted to the time 
interval [r, T] . 

Proposition 3.12. Let Assumption \3.1\ be satisfied and 

($,/) G C^+"(M";L2(S7)) X C;"(R";^p2(o,r)). 

Let (n, v) £ C^^a nC^a" x C'^2 be the classical solution to BSPDE ([ST]). Then for any r G [0, T], 
we have 

\\u{-, •) - U{- - r, OL.^^r < C'\/^(ll^lll+a,L2 + WfWa,^^)- 

where C = C{X,A,a,T,n,d). 

Proof. Since {u,v) satisfies BSPDE (j3.ip . we have 



<CE 



E I \u{t,x) -u{t-T,x)\^ dt 

Jt-T 

+ CE 

T pTA{s+T) 



(aij{s)dfju{s,x) + f{s,x) + a{s)v{s,x)] ds 



dt 



T 



v{s,x) dWs 



t-T 



dt 



CtE 



+ CE 
<Cr{[u]l^2 + [f]lj^2 + [v]l 



dfju{s,x)\^ + |/(s,x)|2 + \v{s,x)\^^ dtds 

T pTAis+r) 

\v{s,x)\ dsdt 



T J SVt 
^2 



Similarly, for any x ^ x, 



2 



E 



\u{t, x) — u(t — T,x) — [u{t, x) — u{t — r, x)] I dt 



Therefore, we have the desired result. 



:,i?2 



\X — X 



2a 



U 
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4 BSPDEs with space- variable coefficients 

In this section, using the conventional combinational techniques of the freezing coefficients 
method and the parameter continuity argument well developed in the theory of determinis- 
tic PDEs, we extend the a priori Holder estimates as well as the existence and uniqueness result 
for the model BSPDE in the preceding section to more general BSPDEs (|'2.ip . 

We first give a preliminary lemma. Consider a smooth function 93 G C^{W^) such that 

fl, Ixl < 1, 

^(x) = ' , ' (4.1) 

[ 0, |x| > 2. 

For any z € M"" and 9 > fixed, define 

Remark 4.1. For any 7 G F, there is a constant C = C{'y,n) such that 

Lemma 4.1. Let h e C™+°(M";.ifj2(0,r;M')) with m = 0,1,2. Then, there is a positive 
constant C{9, a) such that 

\\h\\m+a,J^^ < 2 sup HHrn+a,^^ + Cie,a)\\h\\o^^2. (4.2) 

Proof. It is sufficient to prove 

[^]2+Q,^2 < 2 sup [r/^/i]2+a,^2 +C(6I,q)||/i||o,^2. 

The proof of the rest is similar. 
For any > fixed, we have 

[h]2+a,^2 <h+h 

with 

(e [^ \D^h{t,x) - D^h{t,x)\'^dtY 

^1 ■■= E , -P ^ u-^1^ (4-3) 

h\-- 

and 



_„\x-x\<8 1^ ^1 



1 

E rf \D^h{t, x) - D^'h{t, x)\'^dt) ' 

'' ■= E , ^"P ^ h^rw^ — ('•') 

I I „ \x—x\>9 K' -^ 

|7|=2' '- 

For any x, a; G M", if |x — x| < 0, choose z = x, 



[Ej^ \D'<{ri-{x)h{t,x)) - D^{ri-{x)h{t,x))\ 
h<Yl ™P ^ 1 ^ 

< sup [r/^/i] 2+„,^2. 

zGK" 
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If |x — x| > 9, using the interpolation inequality in Leninia l2.lt we have 

/2 < V sup (e f \D"'h{t,x)-D"'h{t,x)\'^dt] e-"" 
.,_^\x-x\>e\ Jo J 



Then 






[h]2+a,y2 < 2 sup [r/|/l]2+a,i?2 + C\\h\\o^j^2. 



n 



We have the following a priori Holder estimate on the solution {u,v) to BSPDE (j2.ip . 

Theorem 4.2. Let Assumptions [2l\ and {2^ be satisfied and (<!>,/) G C^+°'(M"-;L'^{0,)) x 
C"(M'^;^|(0,r)). //(n,?;) G C7^.2 n C7]i° x C^^ si/?;es 55Pi)^ ^^, we have 



\H\a,y2 + \H\2+a,^2 + \\v\\a,J^2 < C \^\\<^\\i+a,L2 + ||/IU,^2 ;, 

where C = C(A, A, a, n, d, T) . 

Proof. For any z G M" and > 0, denote 

ul{t,x):=r]l{x)u{t,x), vl{t,x) := r]l{x)v{t,x), $^(x) := r/|(x)$(a;), 

and 

/|(i,x) :=[aij(t,x) - aij(t, z)]9|,-n(t,3;)r/|(x) + [o-(t,x) - a{t,z)]v{t,x)ril{x) 
- 2aij{t, z)diu{t, x)djr]Q{x) - aij{t, z)u{t, x)9|,-7?|(x) 

+ bi{t, x)diu{t, x)7?|(x) + c(t, x)u{t, x)rj^{x) + /(t, x)r?|(x) 

7 

with J24(t, X, z, 6) denoting the obvious i-th term (i = 1, 2, . . . , 7) in the three lines of sum. Then 
we have $| G Ci+"(M"; L2(fi)), /| e C°(M"; Jf|(0,r)), and (n|,T;|) G C;^^ n C^+" x C^^. 
Moreover, {ug,Vg) solves the following BSPDE 

-dulit, x) = [ttijit, z)dfjul{t, x) + fl{t, x) + ai{t, z) {vl{t, x))i] dt 

-{vl{t,x))idWl, (t,x)G[0,r]xM"; 
ul{T,x)=mx), xGM". 

To simplify notation, define the following two types of universal constants: 
C := C{X,A,a,n,d,T), C(-) := C{-, X,A,a,n,d,T). 
In view of Theorem 13.101 we have 

heh+a,^^ + \\vl\U,^2 < C {\\^l\\l+a,L-2 + ll/e L,^2) • 
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Prom Lemma |4.1|, we have 



< C (sup ||$0||i+„,L2 + sup ||/||U,^2 j + C(Q) (||u||o,j^2 + Ibllc^a) . 
Thus, to estimate (n, u), we need estimate $g and i^/j, i = 1, . . . , 7, in terms of /|. 



(4.5) 



< C (l + ^ + ^) [«^]0,L2 + C (l + ^) [$]l,L2 + ^[$]a,L2 + [^]l+a,L2 
<CWII<&lll+a,L- 

Denote by [-Im+Q if 2 ^ and || • ||m+« ^2 ^ the semi- norm and norm of functionals on subset A C M" 
instead of on the whole space M". It is obvious that i2/i(i, x, z, 0) = for x ^ B2e{z). In view of 
Remark 12.11 and the interpolation inequality in Lemma |2. 11 we have 

< [aiji-,-] - a-iji- , z)]o^jca^ ^B2e{z)\\dijU\\a^jc2 + [aij{-,-) - aiji-,z)]a,j^oc[u]2^^2 

+ [aij{-,-) - aij{-,z)]f)^jc^^B2g{z)[Ve]a[u\2,^2 
<A{2er (M2+a,i?2 + ^2,^.2) + CM2,^2 

< A(20)" (M2+a,^2 + £M2+a,if2 + C{e)[u]o^^2) + C7 (e[n]2+„,^2 + C(e)Mo,j?2) 

< C (r (1 + e)+e) [n]2+,,^2 + C(e, 0)Mo,^2. 

Similarly, we have 



\s^3{-,-,z,e)\\^^j^2 < C[^^u]Q^J^2\^jr]|\a + C[diu\^^j^2[djr]l]o 

- ^ \-Q + -QU^) [^M2+a,if2+C(e)[n]o,^2] + - [eN2+a,if2 + C(e)Mo,^2] 

^ C" Q + ^J eM2+a,i?2 +C(e,0)[n]o,^2, 

^4(-, •, z,e)\\^^j^2 < C[u]o^j^2\dfjr]l\a + C[u]^^j^2[dfjr]l]o 

-^ ( ^ + ^2T^ ) Mo,^2 + g2 (eM2+a,^2 + C'eMo,if2) 

c 

< ^eM2+a,i?2 + C(e, 6*) Mo,^2 , 
'5(t>^>6I)|U^^2 < C[(9jn]o,^2|r/||o + C[ajn]^_^2 + C[diu]Q^j^2 

6(t>^>6I)|U,^2 < C [[u]Q^j^2\r]l\a + [u]^^^2 + [u]Q^j^2J < Ce[u]2^^j^2 + C{e,e)[u]o^j^2, 
'r(-,-,z,0)L,^2<||/L,^2 + [/]o,^2[r?|]„< (^l + i-^ 11/11^^^2. 
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Choosing first 6 and then e to be sufficiently smah, in view of inequality (|4.5p . we have 

< 7J (M2+a,^2 + ||vL,i^2) + C (||$||i+„,L2 + \\f\\a,^2 + ||n||o,^2 + ||v||o,i?2) • 



Then, 



ll^tlb+a.^a + \\v\\a^j^2 < C (||$||i+„,L2 + ||/|U,^2 + ||n||o,^2 + ||v||o,^2) 

Next we estimate ||t'||oi?2. BSPDE (|2.ip can be written in integral form, 



u{t,x) =^{x) + j aij{s,x)dyu{s,x) + bi{s,x)diu{s,x) + c{s,x)u{s,x) 



+ f{s, x) + a{s, x)v{s, x) 



ds 



v{s,x) dWs, dP-a.s.. 



For any fixed x G R", it is a BSDE with terminal condition <I>(x) and generator 



aij{t,x)diju{t, x) + bi{t,x)diu{t,x) + c{t,x)U + f{t,x) + o"(i, x)V. 



We have 



/ \v{t,x)\^dt 
Jo 



$(3;)p+ / \aij{t,x)dfju{t,x) + bi{t,x)diu{t,x) + f{t,x)\^dt 





|$(:r)|2 + / [\dfju{t,x)\^ + \diu{t,x)\^ + |/(t,x)|2] dt 
Jo 



(4.6) 



(4.7) 



E 
<CE 

<CE 

By the interpolation inequalities in Lemma 12. 11 

||?^||0,^2 < C (||^||o,L2 + ||u||2,Jf2 + \\u\\l^^2 + ||/||o,if2) 

< Ce[u]2+a,^2 + C{e) (||$||o,L2 + hllo,^2 + ||/||o,^2) . 
In view of (|4.5p . choosing e to be sufficiently small, we have 

Ikll2+a,^2 + \\v\\a^j^2 < C (||$||i+„,L2 + ||/L,^2 + ||'u||o,i?2) . 

We now establish a maximum principle of u. In BSDE ()4.7p . for any (t,x) G [0, T] x 



(4.8) 






$(x)p+ / |aij(t,x)9|,n(t,x) + 6i(t,2;)aiu(t,x) + /(t,x)|' 



(it 



T 



(l4n(t,x)|2 + |5in(t,x)|2) dt 



(4.9) 



+ C||<I>(x)||^,. + 11/11^^^. 



For any t € [0, T], repeating all the preceding arguments on [t, T], we see that the estimate (j4.8 
still holds for II • \\m+a,^^,t-> i-6-) 

Ikll2+a,^2^j < C(||$||i+„^i2 + ||/|U,^2 + ||u||o,j^2^j). 
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Taking supremum on both sides of ()4.9p . we have 

sup E[\u{t,x)\'] <C (||n||2+«,^2,i + mx)\\lr2 + 11/11^,^2 



<C(\\uh,^2^t+mx)\\l^a.,L^ + \\f\\X^. 



From Gronwall inequahty, we have 

rT 



'0 



j^2< f sup E[\uit,x)\']dt< c(mx)\\l^^^^, + \\f\\l^X (4.10) 

JO ^ 

By (gS]) and dHOD, we conclude that 

hh+a,^^ + \Ha,^^ < C {\Ml+a,L^ + \\f\\a,J^^) ■ (4.11) 

In a similar way, we have 



<C[\mi+a,L^ + \\f\L^A- 



(4.12) 



The proof is complete. D 

Using the method of continuity (see Gilbarg and Trudinger |12l Theorem 5.2]), we have 
from Theorems 13.111 and 14.21 the following existence and uniqueness result for BSPDE (j2.ip . 

Theorem 4.3. Let Assumptions \2. il and \2.S\ he satisfied, and 

($,/) G Ci+"(M";L2(f})) X C"(M";^p2(o,T)). 



Then, BSPDE (f27T]) has a unique solution {u,v) G {Cy,2 n C^") x C^a- Moreover, there 
positive constant C = C{X,A,a,n,d,T) such that 

l|wL,J^2 + Ikll2+a,if2 + ||wL,^2 < C(||$||i+c.,L2 + \\f\\a,y2). 

Proof. Define 

Lu := ttijdijU + bidiU + cu, Mv := av; 

and for r G [0, 1], 

LrU := (1 - t)Lu + tAu, MrV := (1 - t)Mv + tv, 

with A being the Laplacian of M". 
Consider the following space 

^° :=|(n,t.) G (C^2 n C^a") X C^2 : u{t,x) = $(x)+ / F{s,x)ds- f v{s,x)dWs, 
\/t G [0,r], for some ($,F) G C^-^" {M'' ; L^ {ft)) x C''{W;^i{0,T)) 
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IS a 



equipped with tlie norm 

\\{u,v)\\j<. := \\u\\a^y2 + ||n||2+a,^2 + ||t;|U,if2 + ||$||i+„,l2 + ||F||„^^2, {u,v) G /' 

Then ^^ is a Banach space. 

Define the mapping H^ : ^" ^ Ci+"(M"; ^^(l])) x C"(M";=i^j?(0,r)) as follows: 

n^(M, ?;) := ($, F - L^ii - Mrv), [u, v) G ^". 

We have 

||n^(n,u)|| :=||$||i^^^^2 + \\F - LrU - Mrv\\^^^2 

<ll^lll+a,L2 + ||i^L,Jf2 + \\LrU\\a^y2 + \\MrV\\a,j^2 

<C(ll^lll+a,L2 + \\F\\a,^2 + Il^^ll2+a,if2 + ll^^lU.^aJ = C\\{u,v)\\j^. 

Inversely, for all (t,x) € [0,r] x M", 

u{t,x) = ^{x)+ [LrU + MrV + {F - LrU - Mrv)] ds - v{s,x)dWs, P-a.s. 
Jt Jt 

Then, we have from Theorem 14.21 the following estimate 

IkL.J^a + Il«ll2+a,jf2 + ||f L,i?2 < C(||$||i+c^,L2 + 11-^ " ^rU - M^t!||„^_^2). 

Thus, we obtain the following inverse inequality 

\\iu,v)\\j^ 

= \\u\\a,y^ + \\u\\2+a,^2 + II^L,Jf2 + ||^||l+Q,,L2 + ||-F|U,^2 

< ll'"L,J/^2 + \\u\\2+a,J^2 + ||v|U,^2 + ||$||i+a,L2 + ||F - LrU - MrV\\a,Jf2 

+ \\Lru\\a^_^2 + ||MT-t;||„__^2 

< '^(ll^lli+a,L2 + \\F - LrU - Mrv\\^^j^2) = C7||n,(n, z;) || . 



Theorem 13.111 implies that Hi is onto. Then, in view of the method of continuity in Gilbarg and 
Trudinger |121 Theorem 5.2, page 75], 11,- is also onto for all r G [0, 1). In particular, IIq is onto. 
The desired result follows. D 

Similar to Proposition 13.121 we have the following Holder time-continuity of u. 

Proposition 4.4. Let Assumptions [2J\ and\2M be satisfied and (<!>,/) G C^+"(M";L^(ri)) x 

C°(M";^j?(0,r)). Let {u,v) E (C^-a n Cji") x C^^ solve BSPDE ^^. Then, for any r G 

[o,r], 

\\u{-, ■) - U{- - T, •)L,if2,^ < CA (||$||i+a,L2 + ll/L,^2) , 



where C = C(A, A, a, T, n, d) . 

At the end of this section, we discuss the consequence of the preceding results on a determin- 
istic PDE. As we know, if all the coefficients are deterministic, a BSPDE is in fact a deterministic 
PDE. Thus, let $ : M'^ ^ M, a : [0,r] xW ^ S,h: [0,r] x M" ^ M", ai : [0,T] x M" -^ M'^, 
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c, / : [O.T] X M" — ;■ M be all deterministic functions. Then, the second unknown variable of 
BSPDE ([2J|) turns out to be 0, and BSPDE ^1^ is in fact the following deterministic PDE: 

' du{t,x) =aij{t, x)dyu{t, x) + bi{t,x)diu{t,x) + c{t,x)u{t, x) 

+ f{t,x), {t,x)e[0,T]xW; (4.13) 

, u{T,x) =<P{x), X gM". 

The subspace of all the deterministic elements in the Holder space C""'''"(M"'; L*'(0)) is ex- 
actly the classical Holder space C™+"(M"), and those in C™+"(M";^i^(0,r;M'')) and 
C™+"(M";^^[0,r]) are C'"+"(R"; LP(0,r;M')) and C7™+°(R"; C7[0,T]), respectively. A field 
(p e C""+"(M";i7'(0,T;M')) has the following form 

^ ^^ ^ {j;^\D^cP{t,x)-D^cPit,y)\Pdt]-^ 



,Lv= V supj/ \D'<<P{t,x)\'Pdty + V sup 



l7l<m |7|=m '^_^y 

In an obvious similar way, we define the norm || • ||m+a,c in C™'^"(M"; C[0,T]), and the norm 
\\ct>\U+a.,L^ in space C'"+"(M";L~(0,T;R')) . 
Assumption 12.21 becomes the following one: 

Assumption 4.1. oG C"(M";L~(0,r;M"^")), 6 € C°(M"; L°°(0,r;M")), c, / e C°(M"; L°°(0,r)). 
There is a constant A > such that 

||a||o,L°°5 ||^IU,L°°; ||c||a,L°°, ||/IU,L°° < A. 

In view of Theorem 14.31 we have the following existence, uniqueness and regularity result for 
PDE KW) . 



Proposition 4.5. Let Assumptions \2.i\ and \4^ be satisfied, and 

($,/) G Ci+°(M") X C"(M";L2(0,r)). 
Then, PDE (1^3]) /las a unique solution u £ C"(M"; C[0, T]) n C'^+°'(M'';L^{0,T)) such that 

M\a,C + \\u\\2+a,L2 < C{\<P\i+a + ||/L,L2)> 

where C = C{X,A,a,n,d,T). 

It shows that the solution u to PDE (j4.13p is (2 + a)-Holder continuous if $ is (l + a)-Holder 
continuous and / is a-Holder continuous. Thus, the regularity in Proposition 14.51 is sharp. 
Moreover, Proposition 14.51 seems to have a novelty as explained in the following remark. 

Remark 4.2. Mikulevicius [19j solves the Cauchy problem of a SPDE in a functional Holder 
space, which includes the following a priori estimate for PDE (j4.13p : If $ = 0, f{t, •) G C°(M") 
for any t, and sup^ \f\a < +oo, then PDE (j4.13p has a unique solution u such that 

u{t,-) G C2+°(M''), and sup|u|2+a < Csup|/|„. 

t t 

In contrast, in Proposition[i3]we require / G C"(M"; L2(0, T)) and assert u G C2+"(R"; ^^(0, T)). 
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5 Semi-linear BSPDEs 

In this section, consider the following semi-linear BSPDE: 

' —du{t, x) = [aij{t, x)dyu{t, x) + f{t, x, Vu{t, x), u{t, x),v{t, x))] dt 

-v(t,x)dWt, (t,x) G [0,r] xM", (5.1) 

, u{T,x) = <^{x), xGM". 

Here a : [0, T] x M" — )• 5" satisfies the super-parabolic and bounded assumptions 12.11 and 12.21 
/ : [0, T] X il X M" X M" X M X M'^ -^ M is jointly measurable, and /(•, x, q, u, v) is F-adapted for 
any (x, q,u,v) eW xW xW x M^. 

We make the following Lipschitz assumption on /. 

Assumption 5.1. For any {qi,ui,vi),{q2,U2,V2) G K" x M x M*^, there is a constant L > 0, 
such that for any x G M'^, 

\f{t,x,qi,ui,vi) - f(t,x,q2,U2,V2)\ < L{\qi - q2\ + \ui - U2\ + \vi -V2\), dt x dP-a.e.,a.s., 

and/(-,-,0,0,0)GC"(M";Jf|(0,r)). 

Then we have the following existence, uniqueness and regularity on semi-linear BSPDE ()5.ip . 



Theorem 5.1. Let Assumptions\2Jl\KM and\5j\be satisfied, and ^ G (7^+"(IR"; ^^(f])). Then 
the semi-linear BSPDE (15. ip has a unique solution {u,v) G {Cy2 n C^.^) x C^2- Moreover 



where C = C{X,A,a,n,d,T). 

The proof requires the following two additional preliminary lemmas. Consider the following 
linear BSPDE. 



' —du{t,x) = [aij{t,x)dyu{t,x) — f3u{t,x) + /(t,x)] dt 
-v{t,x)dWt, (t,x) G [0,r] xW 
, n(r,x)=0, xGR*", 



(5.2) 



where a : [0, T] x M" — t- 5" is the same as before, and /3 > is a constant. When a(t, x) = a{t), 
define 

gJ^(x) := e~l^^'-^^Gs,t{x), 0<t<s<T. 

Lemma 5.2. For a universal constant C = C(A, A, a,7,n, T), we have 
(i) For a G (0, 1) and 7 G F such that \^\ < 2, 



I I |D^G^j(x)||x|°(ix(it<C7/3-i+ 

Jt Jr" 

(a) For 7 G F such that \^\ = 2 and < t < s <T, 



2 



r > s > r > 0. 



(5.3) 



\y\<a 



D^GUy)dy 



dt 



y\>a 



D^Gi^{y)dy 



dt < Cl3-^, Va > 0. (5.4) 
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(in) For 7 G F such that \j\ = 2, 

f sup f \D^G^,/y)\\y\'^dtdy<C/3-^a'^, Va > 0. (5.5) 

J\ii\<a T<S J T 



\y\<a 
(iv) For any x,x G M" and 7 G F such that \^\ = 2, 



f sup f D^G^,/x-y)-D^Glt{x-y)\x-y\''dtdy<Cl3-^\x-x\'', Va > 0. (5.6) 

J\y—x\>a T<s Jt 

Lemma 5.3. Let f € C°(M";^|(0,r)). // {u,v) £ {C^^ n C'^^") x C^2 is the solution of 
BSPDE dnH), then 



ll«L,^2 + ||U||2+Q,^2 + ||«||q,^2 < C'(/3)||/L,^2, 

where C{(3) := C(/3, A, A, a,n,d, T) > 0, which converges to zero as 13 ^ 00. 

Proof. Step 1: a{t,x) = a{t). 

Proceeding similarly as in the proof of Lemma 13.11 and Theorems 13.41 and 13. IH we have that 
the pair {u, v) defined for each x G M*^ by 

u{t,x):= / Gl^[x-y)Y{t;s,y)dyds, Vt G [0,r], dP-a.s., 



Jt JW^ 

and 



vi{t,x) := I I G^^{x — y) gi{s;r,y) dy dr, dt x dP-a.e.,a.s., l = l,---,d, 

Jt JR" 

is the unique solution to the linear BSPDE (j5.2p with 

Y{t; T,x):= f{T, x) - f gi (r ; r, x) dWl , Vt < t. 



In view of the estimates of Lemma 15.21 proceeding similarly as in the proof of Lemmas 13.81 13.91 
and Theorem 13. lUl we have 

II^L,y'2 + Il^ll2+a,j?'2 + lbL,^2 < C(/3)||/||„^^2, 

where C(/3) := C(/3, A, A, a, n, d,T) > is sufficiently small for sufficiently large /?. 

Step 2: {aij)nxn depends on x. Using the freezing coefficients method as in Lemma [^2} we 
have the desired result. D 

Proof of Theoremim For any (C/i, Vi) G (C^,2nC^+") x C^^, /(•, •, VC/i(-, •), ^i(-, •), ^i(-, •)) G 
C"(M";^^(0, r)) because of Assumption 15. 1 1 for /. In view of Theorem 14. 3^ 

' —dui{t,x) = [aij{t,x)dfjUi{t,x) + f{t,x,\7Ui{t,x), Ui{t,x),Vi{t,x))] dt 

-vi{t,x)dWt, (t,x) G [0,r] xM", (5.7) 

I, ui{T,x) = <l>ix), xGM" 

has a unique solution {ui,vi) G (C"^2 n C]^") x C^2. For any (^72,^2) G (C>2 n C^a") x 
C^2, denote (1*2,^2) G (Cy.2 n C^J^) x C^a as the solution of equation (^Ji) with iUi,Vi) 
replaced by {U2, V2). Define u{t, x) = ui{t, x) — U2{t, x), U{t, x) = Ui{t, x) — U2{t, x), v{t, x) = 
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viit,x) -V2it,x), Vit,x) = Vi{t,x) -V2{t,x), f{t,x) = f{t,x,VUiit,x),Uiit,x),Vi{t,x)) - 
f{t,x,VU2{t,x),U2{t,x),V2{t,x)),then 

' -d[e^*u{t,x)] = (aij{t,x)dfj[e'^^u{t,x)] - /3e^*n(t, x) + e^*/(t, x)) dt 

-e'^^v{t,x){t,x)dWt, (t,x) G [0,r] xM", (5-8) 

In view of Lemma 15.31 we have 

\\e'^'u\\a,y2 + \\e'^u\\2+a,y2 + l|e^'^L,^2 

<C(/3)L [\\e^-U\\a,y^ + \\e^-U\\2+a,y^ + lle^^L.^^ 

with C{P)L < 1 for a sufficiently large /3. Since the weighted norm \\e^'u\\a^y2 + \\e^'u\\2+a,y'^ + 
\\e^'v\\a^^2 is equivalent to the original one ||'u||a,,_5^2 + ||M||2+a,i?2 + ||t;||(;^__5f2 in (C^2nC^°) xC^2j 
the semi-linear BSPDE (|5.fp has a unique solution (li, w) G (^^^2 n C'^") x C^a- The desired 
estimate is proved in a similar way. D 
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